Highly integrated single photon sources are key components in future quantum-optical circuits. Whereas the probabilistic generation of single photons can routinely be done by now, their triggered generation is a much greater challenge. Here, we describe the triggered generation of single photons in a hybrid plasmonic device. It consists of a lambda-type quantum emitter coupled to a multimode optical nanoantenna. For moderate interaction strengths between the subsystems, the description of the quantum optical evolution can be simplified by an adiabatic elimination of the electromagnetic fields of the nanoantenna modes. This leads to an insightful analysis of the emitter's dynamics, entails the opportunity to understand the physics of the device, and to identify parameter regimes for a desired operation. Even though the approach presented in this work is general, we consider a simple exemplary design of a plasmonic nanoantenna, made of two silver nanorods, suitable for triggered generation of single photons. The investigated device realizes single photons, triggered, potentially at high rates, and using low device volumes.
I. INTRODUCTION
The fabrication of nanoscopic systems has made great advancement during the last two decades. These advancements allowed to enter new regimes of light-matterinteraction, in which effects distinctive for cavity quantum electrodynamics could be realized at the nanoscale. This aim can be achieved in the nearest future by exploiting on-chip integrated plasmonic nanoantennas, acting as open cavities coupled to adjacent quantum systems. The most prominent example of physical effects that have already been realized in this context is the Purcell enhancement of the radiative decay rate of molecules or quantum dots adjacent to plasmonic nanoantennas (for a review please see Ref. 1) . The change in the transition rate due to a modified local density of electromagnetic states has been a subject of intensive studies on both experimental [2] [3] [4] [5] [6] [7] and theoretical grounds [8] [9] [10] . Nanoantennas and nanowires that mediate the interaction between multiple emitters have also been discussed in numerous scenarios [8, 11] , including entanglement generation protocols [12] [13] [14] .
The key asset of nanoantennas is to tailor the light in the near-and far-field upon request. This includes shaping field distribution [15] [16] [17] , directing light emission [18] [19] [20] , and tuning resonance frequencies [21, 22] all possibly with polarization-sensitive geometries. The scattered field can even possesses quantum properties, such as nonclassical statistics [23] [24] [25] [26] [27] [28] [29] or entanglement [30] [31] [32] , if suitable quantum emitters are exploited as sources. Such emitters, usually molecules and quantum dots, can be positioned at close vicinity of nanoantennas using the state-of-the-art techniques [33] [34] [35] . Due to the broad character of the resonances in the optical domain, matching transition frequencies of the quantum emitters can be achieved with both dipolar, or even higher-order nanoantenna modes [36] .
In most of so-far proposed scenarios, quantum emitters were approximated as two-level systems. In such systems the transition probabilities to other energy eigenstates are assumed to be negligible. Considering richer energy configurations may, however, enable more complex dynamics. This allows promising effects such as nonlinear two-photon interactions [37] .
However, in the context of interactions with quantum systems, there is still a distinct gap between what cavity quantum dynamics is able to predict as fundamental effects at the nanoscale and what can be achieved experimentally. With this paper our goal is to provide a stone to bridge this gap. We use a theoretical description of a carefully designed nanoantenna coupled to a realistic quantum system to yield new features that the are hardly arXiv:1510.07906v2 [quant-ph] 18 May 2016 observable with the isolated systems alone. We propose to exploit lambda-configuration quantum emitters coupled to bimodal nanoantennas for the conversion of light at the single-photon level. The unique advantage is the ability to achieve a triggered emission of a single-photon, i.e. the emission happens upon request [38] . It will be shown that the extent of the deterministic character is limited by the nanoantenna efficiency; being however a parameter that can be engineered.
A lambda-type emitter can represent a molecule or a quantum dot. Its configuration is given by two low-and one higher-energy state [ Fig. 1(b) ]. Electric dipole transitions are assumed to be forbidden between the lower states, but allowed otherwise.
Suitable molecules have successfully been positioned in the vicinity of, or even adsorbed at a nanosurface, in numerous experiments in the context of surface-enhanced Raman scattering (for a review see Ref. 39) . Also, lambda-type and similar structures have recently been produced with self-assembled InAs quantum dots [40] [41] [42] [43] . The exemplary nanoantenna design that we consider in this work is adjusted to support resonances in the frequency range and of polarization characteristics, corresponding to transitions in such quantum dots. Naturally, the nanoantenna can be redesigned for other target quantum systems.
In general, the nanoantenna does not necessarily require a specific geometry. On the contrary, various types of nanoantennas can be exploited, e.g. made from metallic or dielectric materials or even nanoantennas made from graphene [10, 44, 45] . It is only important that the nanoantenna shall support multiple resonances, i.e. at least two. The resonances shall be sustained at the two transition frequencies of the lambda-type quantum emitter. For the simplified analytical description presented below, the nanoantenna should be weakly coupled to the quantum emitter. Then, multiple exchanges of energy among the subsystem are unlikely. This approximation is well justified for typical nanoantennas -it requires special effort to design a nanoantenna that operates beyond this limit [11, 46, 47] . Furthermore, we provide important figures of merit as definite analytical results for a simplified description of the effects of such hybrid quantum systems. Our approach to model the interaction of the nanoantenna and the lambda-type quantum system within the adiabatic limit is very general. However, we discuss an example of a metallic nanoantenna designed especially for the purpose of triggered single photon generation with lambda-type quantum emitters.
Following discussions in the prior work [38] , the ratio behind the design is the following. To achieve a triggered emission of a photon, a driving field is applied to the nanoantenna. The drive is resonant with the first transition of the lambda system. The drive excites the quantum emitter from its ground to its excited state. In the following, the emitter may relax to one of the two lower states -each of these processes is enhanced due to the coupling to a suitable resonance of the nanoantenna. If the emitter returns to its ground state, the procedure quickly repeats due to the ongoing drive, i.e. typically at the nanosecond time scales. Otherwise, the desired single photon is generated in the transition to the other low-energy metastable state. This photon is then scattered into the far-field or absorbed by the nanoantenna at time scales of a few femtoseconds [48] . Once the lambda system is in this second low-energy metastable state, the processes stop. We have witnessed the triggered emission of a single photon. The source might be continously used afterwards if a mechanism is applied that resets the quantum emitter into its ground state. This mechanism can be the slow internal decay from the metastable to the ground state, but it can also be enforced with, e.g., an optical pump. In this way the investigated device acts as an integrated source of triggered single photons, at rates controlable by the applied pump. The description of the functionality of such plasmonically enhanced triggered single photon source is at the heart of this contribution.
The paper is organized as follows. In Section II we introduce theoretical tools to explore the dynamics of the hybrid system of a quantum emitter and light modes supported by the nanoantenna. In Section III we describe in detail a specific design of a nanoantenna that couples independently to the two transitions of the quantum emitter. This simple design can be tuned in a straightforward manner to the target quantum system. Next, in Section IV, a systematic analysis of the triggered emission of single photons is performed. The influence of numerous parameters of the hybrid system is investigated and clarified. In Section V, we identify a transition between two distinguished regimes of the system's dynamics. While decreasing the driving field strength, the source loses its triggered character and the time of emission becomes random. The paper is summarized in Section VI. In the following Appendix A, we compare our proposal to a selection of other triggered single photon sources. In Appendix B, we develop a simplistic effective picture by adiabatically eliminating the electromagnetic fields. This provides an intuitive tool that hugely simplifies numerical simulations in the weak-coupling regime and grants a much better study of the physics. What is crucial, it allows to obtain the coupling constants between the fields and the quantum emitter. Finally, the adiabatic picture leads to necessary and sufficient conditions for an efficient triggered single-photon emission.
II. THEORETICAL DESCRIPTION OF THE HYBRID SYSTEM
In this Section we introduce the system and discuss in detail the time-reversible processes described by its Hamiltonian, and various decay and decoherence mecha-nisms accounted for via the Lindblad formalism.
The system consists of a quantum emitter in a lambda energy configuration [ Fig. 1(b) ]. The two low-energy states |1 and |2 are commonly referred to as "spin states". They may have different energies ω |1 and ω |2 . We assume that state |1 is the ground state of the quantum emitter, in which the system is initially prepared. The excited state |e has higher energy ω |e . We additionally assume that the transitions between the states |1 (|2 ) and |e are significantly faster than the direct transition between states |1 and |2 . For instance, the first pair of transitions could be dipole-allowed, and the latter electric-dipole-forbidden.
The quantum emitter is coupled to a nanoantenna. Its optical response is characterized by scattering and absorption spectra. Here, we assume them to be well approximated by two Lorentzian resonances in the spectral region of interest. Since we will work at the single-photon level, we will apply the cavity-quantum-electrodynamics approach introduced in Ref. 49 and represent the resonances as two quantum-mechanical bosonic modes, with annihilation operators a 1 and a 2 . We assume that they are not directly coupled to each other, i.e. they are spectrally well separated or correspond to orthogonal polarizations. The modes are centered at frequencies ω 1 and ω 2 , respectively. Due to frequency separation or due to polarizations, mode j (j = 1, 2) couples only to the dipoleallowed transition between the state |j and the excited state |e . The dipole-forbidden transition between the spin states is additionally assumed to be spectrally fardetuned from any resonance supported by the nanoantenna. The nanoantenna is illuminated by a laser of frequency ω L , that directly drives mode 1. The coupling to mode 2 shall be negligible. All these requirements will be satisfied in excellent agreement by the explicit design we later suggest.
The corresponding Hamiltonian, in the frame rotating with the frequency of the driving field, reads:
where σ kl ≡ |k l| is a flip operator between the quantum emitter's states. The first line in the above Hamiltonian corresponds to the free evolution of the quantum emitter. The second line represents the free dynamics of the field modes. The last line contains two terms: the first one stands for the coupling of the nanoantenna modes with the corresponding transitions in the quantum emitter. The coupling strength κ j corresponds to the rate at which excitation is exchanged between the quantum emitter and mode j of the nanoantenna. A way to evaluate κ j for a given nanoantenna design will be described in Section III. The last term of the Hamiltonian represents the drive acting on mode 1 of the nanoantenna with the strength Ω, as described above. The value of Ω is proportional to the polarizability of the nanoantenna and to the electric field of the applied driving laser, as discussed in Ref. 11 . Please note that we have neglected a direct coupling of the drive to the quantum emitter. This is an approximation rather than an additional requirement or complication to the scheme. Due to generally large polarizabilities of nanoantennas, the plane wave drive couples to them significantly more efficiently than to quantum dots. Since the dot is position in the nanoantenna hot spot, the field which it experiences is dominated by the strong contribution scattered by the nanoantenna. The state of the full system (the quantum emitter and the two modes) is given by its time-dependent density matrix ρ(t). The size of the density matrix is in principle infinite, but in our calculations we obtained stable results by restricting the Hilbert space to up to 10 photons in mode 1, and 5 photons in mode 2. The evolution of the system is governed by the Lindblad-Kossakowski equation [50, 51] :
where the Lindblad superoperators:
stands for various incoherence mechanisms in our system. They are represented by the corresponding operators C p and rates γ p . We consider a number of processes that we will describe in the following. We will additionally provide orders of magnitude corresponding to the specific nanoantenna design that we discuss in Section III, and for possible quantum systems. Usually, the fastest process in the hybrid system corresponds to losses by the nanoantenna. We consider radiative (scattering of photons into the far-field) and nonradiative contributions (absorption in the metal nanoantenna). Losses in mode j are given by the rate
nonrad . For metallic nanoantennas, the typical order of magnitude is 10 13 − 10 14 Hz (see Section III, or Ref. 52). For dielectric nanoantennas, the scattering rate is of the same order but it dominates over absorption [53] . The scattering and absorption processes are described by Lindblad operators
Spontaneous emission of the bare quantum emitter from the excited state to the state |j can be included via the term L σje [ρ(t)]. In this way, the corresponding decoherence is naturally taken into account. The spontaneous emission rate is given by γ (ej) sp.em. . Usually, this process is much slower than scattering and absorption in the nanoantenna modes: γ (ej) sp.em. ≈ 10 7 − 10 9 Hz [42, 54] . As we will show, the corresponding time-scale may be comparable to the time-scale at which nanoantenna-induced processes take place in the system. Therefore, this effect cannot be neglected.
A similar process L σ12 [ρ(t)] is related to nonradiative population transfer from the metastable state |2 to the ground state |1 (direct radiative transfer is dipoleforbidden). Normally, the corresponding intrinsic transfer rate γ 12 is an order of magnitude smaller than the above-described spontaneous emission rate [42] . However, it can be boosted by pumping techniques.
The last process has to be taken into account if semiconductor quantum dots are considered as the quantum emitters. Pure decoherence or dephasing, i.e. decay of the coherence between states |k and |l in the quantum emitter, represented in an off-diagonal element of its density matrix, is given by the Lindblad term
In this process, the quantum-mechanical coherence is destroyed due to a coupling of the system to a fluctuating reservoir. In general, the impact of this process grows with the size of the quantum system. In the solid which forms the quantum dot, the most important source of dephasing is usually the phononic bath: the system may acquire a random phase shift due to fluctuating lattice vibrations. The dephasing rate between the excited and one of the low-energy levels γ je deph varies for room temperatures between 10 9 − 10 12 Hz [41, [55] [56] [57] [58] . This is at least two orders of magnitude smaller than scattering and absorption in the nanoantenna, but can be comparable to coupling strengths κ j and Ω. The dephasing rate between the spin states is smaller γ 12 deph ≈ 10 8 Hz [41] . For a comprehensive discussion of quantum dephasing on an introductory or an advanced level, please see respectively the Refs. 59 and 60.
To summarize this section, we introduced here the theoretical tools within the Lindlad-Kossakowski formalism to describe the dynamics of a lambda-type quantum emitter in a vicinity of a nanoantenna that supports two orthogonal modes. In Appendix B, we perform an adiabatic elimination of the field that leads to a simplified picture valid in the regime of large nanoantenna scattering or absorption rates. This will be the regime in which the hybrid device will be operated.
In the following section, we propose a nanoantenna that supports modes in agreement with the previously formulated requirements. The nanoantenna will support two modes that are orthogonal in polarization and shifted in frequencies. In Section IV, we will show that coupling a lambda-type quantum emitter to such nanoantenna will result in triggered single photon emission at nanosecond time-scales, if a sufficiently strong drive is applied. units]
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III. NANOANTENNA
In this section we describe a specific plasmonic nanoantenna that serves for the purpose of mode conversion and of the triggered generation of single photons. By simulating absorption and scattering spectra using a classical Maxwell solver, we calculate the related loss rates and the coupling constants to adjacent quantum emitters with predefined dipole moments. This methodology is standard and has been previously applied to describe single resonances [31, 47] .
The proposed nanoantenna consists of two silver nanorods, perpendicular to each other [ Fig. 2(a) ], embedded in glass with a permittivity of = 2.25. For simplicity, the rods are modelled as cuboids. Their geometrical parameters, i.e. lengths of 250 and 160 nm and heights and widths of 20 nm each, have been adjusted to match with their resonances the infrared spectral region at which the transitions appear in the emitters described in Refs. [40] [41] [42] [43] . Naturally, the resonances can be tuned according to the spectral properties of the specific quantum emitters. The spectral position of the two modes and their overlap can be influenced by, e.g., a modification of the lengths of the two nanorods and their ratio. We are interested in the optical response of such nanoantenna subject to an excitation by a classical dipole positioned at a point equidistant from the tips of both nanorods, with a distance of 13.5 nm. For a fixed frequency, such classical dipole approximates the behaviour of a corresponding transition of the quantum emitter.
To simulate the scattering and absorption spectra of the nanoantenna, we solve the classical scattering problem in the frequency domain. The driving frequencies of the dipole source are fixed within a spectral range of interest. For this purpose, we have used the COM-SOL Multiphysics simulation platform. The relative permittivity of silver based on the experimental data from Ref. 61 has been considered. Postprocessing consists of calculating the absorbed P abs (ω) and scattered P sca (ω) powers. The former can be obtained by integration of the resistive losses:
where the volume V is restricted to the bulk of the nanoantenna. The scattered power is given by an integration of the outward normal Poynting vector over a closed surface A:
In Fig. 2(b) , the simulated spectra P abs (ω) and P s sca (ω) are presented. Here, P s sca (ω) is the power related to the Poynting vector of the field scattered by the nanoantenna. The blue (red) line corresponds to the dipole moment of the emitter oriented horizontally (vertically). Green and yellow lines represent intermediate orientations. Clearly, the nanoantenna supports two orthogonally polarised modes. They are centered at ω 1 = 2π×2.70×10
14 Hz and ω 2 = 2π×2.50×10 14 Hz, respectively. As follows from Fig. 2(d) and (e), both modes differ in symmetry of their field distribution and we can consider mode 1 as associated with the longer, and mode 2 -with the shorter nanorod. This means that, to a good approximation, with the proper orientation of the dipole source we can address each mode individually. The perpendicular arrangement of the nanorods implies distinct radiation patterns into perpendicular directions for the two modes of interest. This entails the opportunity to distinguish the emitted photons by frequency, polarization, and propagation direction.
To estimate the radiative and nonradiative loss rates by the nanoantenna, we fitted the scattering and absorption spectra, respectively, with Lorentzian line shapes. As a result, we obtained:
13 Hz,
nonrad = 2.2 × 10 14 Hz. Please note that the second mode is less pronounced in the absorption spectra since it is spectrally actually very broad. Its large width causes the second resonance to be rather flat, i.e. barely visible in the absorption spectrum.
To estimate the coupling constant κ j , we exploit the resonant version of the adiabatic expression (A4) from Appendix B:
On the right-hand side, we have expressed the same quantity as the ratio of the power related to the Poynting vector of the total field P t sca (ω j ) and the one corresponding to the Poynting vector of the illumination field P 0 sca (ω j ). Please note that Purcell enhancement [62, 63] is often understood as radiative enhancement of a localized point source into the far-field [3] . In general this differs by the nanoantenna efficiency
from the actual decay rate enhancement of the quantum emitter, which in turn can be used to estimate the coupling constant. For this reason we include the efficiency η (j) of the mode j into the expression (6). An efficiency deviating from unity accounts for the share of the energy extracted from the quantum emitter that is dissipated by the nanoantenna and will not be scattered into the farfield. The spontaneous emission rate of a bare emitter can be expressed by the Weisskopf-Wigner formula [64] 
with the vacuum speed of light c and the transition dipole moment of d ej = 6 × 10 −29 Cm. This leads to a rate consistent with experimental values [42, 54] . With these assumptions, the coupling constants κ j can be estimated to be almost equal, κ 1 = 5.73×10
11 Hz and κ 2 = 5.76×10
11
Hz respectively. Please note that such coupling constants are huge with respect to those typically obtained in conventional cavities, and therefore allow to address the quantum emitter with light extremely fast. Nevertheless, the ratio of the estimated coupling constants to the loss rates supports the approach that we have adopted here: the nanoantenna losses are indeed dominant, and therefore the adiabatic effective expression (A4), that serves as a basis to estimate the coupling constants, is well justified and valid. With this exemplary design at hand, we can proceed to investigate the dynamics of the system modelled by the effective approach.
IV. TRIGGERED PHOTON EMISSION
In this section, we will study the dynamics of the emission of a photon in mode 2 for a lambda-type quantum emitter coupled to a nanoantenna described above. We will show that for a driving field Ω of sufficient intensity and duration, a triggered single photon emission is achieved. First, we will investigate the dynamics of the single photon generation, where for simplicity we will start with a continous drive. Later, we emphasize the triggered character by studying the response to a pulsed excitation.
In Fig. 3 , we plot the dynamics of the emission process, given by the effective Lindblad equation (A5), derived in Appendix A. It is in good qualitative and quantitative agreement with the one obtained from the full Lindblad equation (2) . In both cases, we have used the freely available QuTiP2 toolbox in Python [65] for calculations. Mode 1 of the nanoantenna is driven by a resonant laser field Ω = 5 × 10 11 Hz. To assure the excitation of mode 1 by the external drive, a possibility would be to use a plane wave polarized perpendicular to both nanorods. The direction of propagation should be at 92 degrees relative to the short nanorod and at −2 degrees relative to the long nanorod. These slight deviations from an arrangement that adheres to the two nanorods are beneficial to suppress the excitation of mode 2 by more than 10 dB. Moreover, the quantum emitter is suitably oriented such that the transition dipole moments of both transitions match the nanoantenna geometry. Both nanoantenna modes are assumed to be resonant with the quantum emitter's transition frequencies: ω |e − ω |1 = ω 1 , ω |e − ω |2 = ω 2 . For this simulation we take into account small, but realistic dephasing rates γ sp.em. , γ 12 = 0. Their influence will be discussed later.
The quantum emitter is initially set in its ground state |1 . Both nanoantenna modes are assumed to be in vacuum states. After switching on the drive, the mean number n 1 = a † 1 a 1 of photons in mode 1 quickly reaches its stationary value [ Fig. 3(a) ], which is a result of a trade-off between driving and scattering and absorption. Note that the stationary value n 1 steady ≪ 1. This is due to huge losses characterizing metallic nanoantennas. However, this small value, that corresponds to a very rare presence of photons, is enough to drive the transition between states |1 and |e of the quantum emitter [ Fig. 3(b) ]. As the excited state gets populated, transfer to state |2 with a photon emission into mode 2, becomes possible (here n 2 ≡ a † 2 a 2 is a very accurate approximation of the probability of a single photon in this mode). State |2 is the final state of the quantum emitter, as the mechanisms that could in principle drive a transition from state |2 to any other state, are very inefficient. The population transfer γ 12 due to internal collisions in the quantum emitter, has been neglected for this calculation. Due to huge values of scattering/absorption of the nanoantenna, the just-emitted photon quickly leaves the cavity, preventing re-absorption [ Fig. 3(c) ].
To confirm that such dynamics corresponds indeed to an emission of a single photon, we define the following function:
For nanoantennas operating in the weak-coupling regime, this quantity can be interpreted as mean number of photons generated in mode 2 by the time t. In the absence of transfer between the spin states γ (12) = 0, n gen is equal to the probability of photon emission. In the idealized case of negligible free-space spontaneous emission to state |2 , the quantum emitter can only make the transfer from |e to |2 by emitting a photon in the desired mode 2, and therefore n gen t→∞ −→ 1 [ Fig. 3(c) , purple dashed line]. However, for γ (e2) sp.em. > 0, the spontaneous emission channel opens, and the probability of photon emission drops. The blue solid line in Fig. 3(d) corresponds to a realistic γ (e2) sp.em. = 10 8 Hz. This demonstrates that in case of metallic nanoantennas the correction to the probability due to spontaneous emission is rather small: the steady-state value of n gen (t → ∞) ≈ 0.96. (It might be of much greater importance for dielectric nanoantenas, whose Purcell enhancement is significantly smaller.) Finally, we include the process of internal population transfer between the spin states γ (12) = 10 7 Hz. Now it is possible that after the successful generation of a photon in mode 2, the quantum emitter is reset to its ground state and the whole procedure repeats. As a result, the steadystate value of a † 2 a 2 (t → ∞) > 0: it is about 1% of its maximal value for the set of data analyzed here. Another photon may be generated in mode 2, and therefore after the steady state is reached, n gen grows linearly with a slope equal to a It is interesting to note that for our set of data the influences of γ (e2) sp.em. and γ (12) sp.em. happen to approximately cancel each other around the time when the system reaches its steady state.
For completeness, we analyse the zero-delay secondorder correlation function for mode 2:
Its value is strictly equal to zero for single-photon Fock states, and can grow if a contribution from higher-number states is considerable. For classical light g (2) (0) = 1. For the scenario proposed in this work the correlation function is equal to zero to a very good approximation, for physically realistic values of the drive Ω and the pump P [ Fig. 3(e) ]. First of all, this is because the final state of the dot is a metastable one, preventing two subsequent photon generation acts. In principle, a second act of photon generation might be enabled, if a fast pump P from the final state |2 to the initial state |1 was applied to the lambda system, immediately recharging it after the first successful photon generation. However, even if such pump is applied, the second order correlation function will not grow, because of another reason: the time necessary to produce a photon is much longer than its scattering/absorption time 1/Γ 2 , with Γ 2 κ j , Ω. In other words, the first photon is either emitted or absorbed before another one is produced.
The photon generation in mode 2 is thus complete. It is an on-demand process, i.e. it happens almost with certainty. However, it must be clearly stated that the photon may be afterwards emitted into the far-field with a probability equal to the nanoantenna efficiency η (2) , or absorbed otherwise. The emission is triggered, i.e. it takes place in a short temporal window after the driving field Ω has been applied, i.e. at nanosecond time-scales.
To emphasize the triggered character of the emission, we analyze a pulsed excitation scheme, where a sequence of driving pulses of Gaussian temporal profiles is applied: Ω (t) = Ω 0 i exp − (t − t i ) 2 /2τ 2 , of amplitude Ω 0 = 2 THz, widths τ = 1 ns, centered at t 1 = 4 ns, t 2 = 28 ns, t 3 = 64 ns, respectively. In between, Gaussian pump pulses are applied that transfer the population from the metastable state |2 to the ground state |1 :
2 , of the same amplitude P 0 = 2 THz, same widths and centers att 1 = 16 ns andt 2 = 40 ns [ Fig. 4(a) ]. We include the pump as an additional incoherent term P (t)L σ12 ρ qd (t) . All the other parameters are the same as above, and all decay and dephasing channels in the quantum emitter are included. Figure 4(b) illustrates how the population of the quantum emitter is flipped when the pulses are applied, leading with high probability to subsequent emissions of single photons directly after each application of a driving pulse [ Fig. 4(c) ]. The final value of n gen ≈ 2.94, and would be equal to 3 were the decay and dephasing in the quantum emitter neglected. This demonstrates that these processes play only a marginal role.
In this section we have discussed in detail the performance of the proposed nanoantenna coupled to a lambdatype quantum emitter, as a triggered source of single photons. Below, we will show that the driving field Ω is the crucial parameter that controls the quality of the light source. Only for sufficient and reasonably large values, a triggered single photon emission is achieved. For too small values, the emission becomes random and looses its triggered character. The effective description introduced in Section VI will provide conditions that need to be fulfilled for an efficient, triggered emission of a single photon.
V. IMPACT OF THE DRIVE
For the calculation in Fig. 3 , we have assumed a certain constant value of Ω = 5 × 10 11 Hz, that is strong enough for an efficient emission. As an indicator of successful single-photon generation we have taken the probability close to 1 of the quantum dot being transferred to state |2 . The efficiency of emission is, however, a complicated function of the parameters of the nanoantenna, location and orientation of the quantum dot, and of the driving field intensity. In a given experiment, the latter can still be tuned once the nanoantenna is produced and the quantum emitter positioned. To illustrate the impact, we have plotted in Fig. 5(a) 12 Hz, red line] drive. In the former case, the excitation turns out to be too weak to successfully flip the quantum emitter into its state |2 and prevent its come-back to the initial state, leading to an emission of a series of photons at random times rather than a single triggered emission. We will refer to this case as the "random-emission regime". In the latter case, the photon is efficiently generated, with a temporal shape that shows multiple peaks (their number increasing with the driving field), leading to a time-bin type emission [66] .
To identify a threshold the drive needs to overcome for efficient triggered photon generation, we have exploited the effective formalism described in the Appendix. We have obtained a condition, which reads for the resonance
where we have assumed
sp.em. , γ ij deph . For a sketch of the derivation, please see Appendix B.
The right-hand-side of the expression above is equal to approximately Ω threshold = 4 × 10 10 Hz for the nanoantenna design discussed in Section III. In Fig. 5(b) , we plot the stationary population distribution of the quantum emitter as a function of the drive Ω, for the nanoantenna parameters given in Section III, and quantum emitter dephasing rates defined at the beginning of this section. The result was obtained in the effective formalism. Please note that the value of Ω threshold indicates approximately the driving field strength for which the stationary population is equally distributed between the spin states |1 and |2 . However, to fulfill the condition (8), the drive needs to be significantly stronger than Ω threshold . This is in accordance with Fig. 5(b) : the requirement of ρ 22 ≈ 1 is fulfilled for drives at least an order of magnitude larger. Otherwise, if the driving field is too weak, a significant part of the stationary population remains in the ground state |1 , from which it can be re-excited, leading to a sequence of photon emission acts in mode 2 at random moments. The device in such modus operandi might be considered for continuous conversion between nanoantenna modes via the quantum emitter.
Please note that even though the condition in Eq. (A9) has been derived in the effective formalism, the system does not fail to act as a single photon source for very strong drives, for which the effective formalism itself is no longer valid. This can be clearly seen from Fig. 3(e) and its extensions to even larger Ωs and P s, which has been obtained within the full Hamiltonian picture.
In this section we have exploited the effective formalism to formulate an analytical condition of successful single-photon generation in the desired mode: switching between two working regimes of triggered and randomtime photon emission may be possible by tuning the driving field intensity. For strong driving fields, a time-bin single photon can be produced.
VI. CONCLUSIONS
The scope of this work expands beyond the regime of single-mode nanoantennas, that is usually considered in the context of coupling to quantum emitters. Here, the multiresonant character of the nanoantenna spectrum is exploited for the purpose of inter-modal conversion. This is possible due to a coupling to a lambda-type quantum emitter. Specifically, we have considered the design of an L-shaped plasmonic nanoantenna, with a spectrum represented by two independent modes, centered at the transition frequencies of the quantum emitter. An analysis of these spectra has provided the parameters responsible for the dynamics of the coupled system.
We have applied the effective description within the adiabatic approximation to find a quantitative distinction between two regimes of the dynamics, depending on the intensity of the drive. A driving field strong enough leads to a desired, triggered single-photon generation in a well-defined, short temporal window, directly after the application of the drive. Depending on the pump, such triggered emission may achieve high rates. A weaker drive results in a regime of continuous inter-modal conversion, with emission of subsequent quanta at random moments in time.
The problem of multimodal nanoantennas coupled to possibly multilevel quantum emitters should be further investigated in diverse contexts. Potential generalizations involve an analysis of light properties other than quantum statistics, e.g., entanglement in degrees of freedom related to particular modes. Furthermore, we have set the grounds for an important generalization to the case of a quantum-emitter transition coupled to more than one spectrally detuned nanoantenna mode. It will be the subject of our work in the nearest future.
APPENDIX A: PARAMETER TABLE AND COMPARISON
To give an overview over the most important parameters and most expressive properties of our proposed single photon generation scheme, we assembled these information and listed them in a tabular form. Furthermore in Table I we juxtapose these data in opposition to both previously proposed single photon sources utilizing similar principles [38] as well as state-of-the-art experimental single photon sources [43, 67, 68] . Please note that Ref. 43 is also based on lambda-type quantum dots.
The comparison of the different parameters and properties displayed in Table I clarifies both advantages and drawbacks of making use of a metal nanoantenna in combination with a lambda-type quantum emitter. First of all, the anticipated zero-delay second-order correlation function g (2) (0) is extremely small due to the weakcoupling regime our source operates at: The cavity emission rate can be increased by multiple orders of magnitude in comparison to other single photon sources using the proposed setup. Additionally, the single photon rate as well as the cavity coupling constant exceed the performance data of alternative single photon generation schemes. The major disadvantage to all these benefits is the single photon extraction efficiency, which suffers naturally from the Ohmic losses of the metal nanoantenna. But even though these undesired, unavoidable losses are considered to be the dominating detriment to using metallic structures that support surface plasmon polaritons, the resulting extraction efficiency decreases only by a factor of 3 compared to the theoretical optimum without any Ohmic losses [38] . This is in so far surprising as that one of the alternative experimental single photon generation setups possesses an even slightly lower efficiency, even though its operation is based on a very different physical mechanism.
Finally, the proposed plasmonic single photon generation scheme provides further advantages. While the excitation of the lambda-type quantum emitter can be realized with classical resonant laser illumination, the trigger can be initiated by a resonant laser pulse, that is purely classical too. This allows the dynamic, external control of the single photons emission with smallest possible effort. Unlike some of the alternative single photon sources, the proposed scheme neither requires any π-pulse illumination nor any kind of cryostat. These should be obvious benefits regarding the experimental realization. And lastly the proposed setup is also at least one order of magnitude smaller in volume than any of the other single photon generation setups. This is why we consider it a very promising candidate for any kind of integrated photonic device relying on the triggered emission of single photons.
APPENDIX B: EFFECTIVE HYBRID SYSTEM DESCRIPTION
The goal of this section is to derive an effective description of the investigated system within the adiabatic approximation. The reduced size of the effective Hilbert space hugely reduces the numerical simulation costs. An even more important benefit is that this picture allows to obtain the coupling constants κ j . Moreover, it drastically simplifies analytical calculations, so that it becomes feasible to derive the condition (8) on efficient single-photon generation.
If a part of the physical system undergoes a decay at a rate much larger than other characteristic parameters of the dynamics, it can be effectively eliminated from the evolution [69, 70] . This is due to a mismatch in the time scales for the fast-decaying part and the remaining part of the system. With such elimination, the size of the physical problem can be drastically reduced. In the system investigated here, it is the electromagnetic field that undergoes huge scattering and absorption and which evolves at much shorter time scales. To obtain the effective description for the evolution of the quantum emitter, we integrate the equations of motion of the field operators in the Heisenberg picture and plug the resulting adiabatic expression back into the equations describing the evolution of the quantum emitter. In the last step, we transform the resulting equations back to the Schrödinger picture. A similar elimination has been explicitly described in Refs. 14 and 64.
Such procedure leads to a set of effective Bloch equa- tions for the three-level quantum emitter solely. The effective Hamiltonian describes a coupling to a single coherent field driving the transition between the ground and the excited state [ Fig. 6 ]:
where
is the energy of the excited state, shifted due to the nanoantenna field in a process analogous to the vacuuminduced Lamb-shift, and
is the effective driving field. Coupling to nanoantenna modes, originally coherent, leads in the effective picture to a modification of the population decay rates of the quantum emitter:
The process is effectively incoherent and accounted for in a Lindblad term, because the nanoantenna modes decay fast enough to prevent any back action, i.e. a reabsorption of the emitted photon. At this point we would like to point out, that Purcell enhancement and modification of population decay rate concur in case of nanoantennas that do not suffer from Ohmic losses [see Eq. (6)]. The adiabatic dynamics can be found by solving the effective Lindblad-Kossakowski equation: where ρ qd (t) is the density matrix of the quantum emitter. The effective Lindblad term includes the modified population decay rates γ eff j , as well as unchanged spin population decay γ 12 , and dephasing rates γ ij deph . Additionally, we can track the excitation dynamics of the nanoantenna, following an adiabatic expression for the mean number of photons in each of the two modes:
In Fig. 7 , we test the validity of the effective description, for simplicity assuming real κ j and Ω parameters. The evolution of the excited state |e , as well as the photon number in the desired target mode 2, calculated in the effective picture, are compared to those obtained from the full Lindblad-Kossakowski equation (2) . For the validity analysis, we have chosen the population of state |e , because the difference between the results obtained in the two pictures is mostly manifested in this population. For this test, resonances in both transitions and of the driving field have been assumed, and decay and decoherence mechanisms of bare quantum emitters are neglected.
We find almost perfect agreement as long as the coupling, pump, and drive is two orders of magnitude smaller than the nanoantenna loss rates, i.e. κ j = γ 12 = 0.01Γ j , Ω = 0.05Γ j [ Fig. 7(a,b) ]. A qualitative agreement, with slight differences in numbers, is obtained for parameters enhanced by an order of magnitude: κ j = γ 12 = Ω = 0.1Γ j [ Fig. 7(c,d) ]. If loss rates of the nanoantenna are comparable to other parameters κ j = 2γ 12 = 2Ω = Γ j , the validity of the adiabatic approximation breaks down [ Fig. 7(e,f) ] and predictions in the effective description do not properly predict the exact evolution.
Similar conclusions have been reached while modifying other parameters, including dephasing rates, driving field, and detunings. In general, we have confirmed that the effective description accurately describes the dynamics when the scattering and absorption rates of the nanoantenna dominate among the parameters characterizing the system. This is in full agreement with the assumption of mismatched time-scales, made at the beginning of this section to justify the adiabatic elimination.
We will now exploit the effective formalism to derive the threshold (8) , that the drive needs to overcome for efficient transfer of the quantum dot into the desired final state |2 , which corresponds to a triggered photon generation.
From stationary effective Bloch equations, given bẏ ρ qd = 0, we derive the stationary population of state |2 : ρ 
This can be understood as a condition that the driving field should fulfill. Typically, the ratio γ 12 /γ eff 2 ≈ 0.1 in free space, and is even smaller in the presence of a nanoantenna. Therefore, condition (A8) can be regarded as always fulfilled if the driving field is strong Ω → ∞. For weak fields, we can simplify the above condition to |Ω eff | 2 ≫ Γ 1e , where a resonance δ 1 = 0 was assumed. In terms of original parameters, the condition of efficient state transfer can be approximately expressed in Eq. (8):
where we have considered the case of a nanoantennainduced decay rate dominant over other decay and decoherence mechanisms in the quantum dot |κ j | 2 /Γ j ≫ γ (ej) sp.em. , γ ij deph .
